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A New Fitness Function and its Application 
on a five Locus Model 
H . - A .  E g g e r s - S c h u m a c h e r ,  G.  F o r k m a n n  and  K.  W S h r m a n n  
I n s t i t u t  ffir B i o l o g i e  II, L e h r s t u h l  f~ir Gene t i k ,  U n i v e r s i t ~ t  Tfibingen (BBD)  

S u m m a r y .  A new f i t n e s s  func t ion  i s  p r o p o s e d .  It i s  a b a l a n c e  func t ion  which  r e s u l t s  f r o m  a c o m b i n a t i o n  of a 
t u r n o v e r  func t ion  de f in ing  the  e x p r e s s i o n  of f a v o u r a b l e  g en e t i c  f a c t o r s  and  a cos t  func t ion  d e s c r i b i n g  the  c o s t s  
of m e t a b o l i s m .  A f a v o u r a b l e  g e n e t i c  f a c t o r  is  de f ined  as  the  h e t e r o z y g o t e  s t a t e  at  a l o c u s .  F i v e  loc i  with  two 
a l l e l e s  e a c h  a r e  c o n s i d e r e d .  In c o m p u t e r  s i m u l a t i o n s  v a r i o u s  k i n d s  of  t h i s  func t ion  a r e  i n v e s t i g a t e d .  T h e i r  i n -  
f l u enc e  on the  g e n e t i c  c o m p o s i t i o n  of a popu la t ion  in e q u i l i b r i u m ,  the  n u m b e r  and  types  of  e q u i l i b r i a  and  the  
m e a n  f i t n e s s  a r e  r e p o r t e d .  F r e e  r e c o m b i n a t i o n  and  t igh t  l i nkage  a r e  c o n s i d e r e d .  

I n t r o d u c t i o n  

The f i t n e s s  of  an ind iv idua l  i s  a q u a n t i t a t i v e  t r a i t .  

Q u a n t i t a t i v e  t r a i t s  a r e  u s u a l l y  only  p a r t s  of the  whole 

p h e n o t y p e  ( e . g .  con t en t  of  c e r t a i n  s u b s t a n c e s ,  s i z e ,  

y i e ld  e t c .  ) .  T h e r e  a r e  only  s p e c i a l  gene  loci  i nvo lved  

in the  e x p r e s s i o n  of s u c h  t r a i t s .  In add i t ion ,  m e r e l y  

t h o s e  p a r t s  of  t h e i r  e f f e c t s  can  be r e c o g n i z e d  which  

a r e  r e l a t e d  d i r e c t l y  to the  t r a i t  m e a s u r e d .  In c o n -  

t r a s t ,  f i t n e s s  i n c l u d e s  the  a c t i o n  of  al l  g e n e s  of an  

ind iv idua l  and  i s  f u r t h e r  d e t e r m i n e d  by al l  e f f e c t s  of 

the  d i f f e r e n t  g e n e s .  C o n s e q u e n t l y  the  f i t n e s s  va lue  

r e f l e c t s  not  only the  a d v a n t a g e  of al l  f a v o u r a b l e  f a c -  

t o r s  p r e s e n t  but a l s o  the  m e t a b o l i c  c o s t s  e m e r g i n g  

f r o m  the  o p e r a t i o n  of t h e s e  f a c t o r s .  

F a v o u r a b l e  f a c t o r s  may  be the  func t iona l  a l l e l e s  

of a l o c u s  in a s i m p l e  c a s e  o r  s p e c i a l  c o m b i n a t i o n s  

of a l l e l e s  i f  a l l  a l l e l e s  t a k e n  into c o n s i d e r a t i o n  a r e  

f u n c t i o n a l .  W h e r e a s  both  a l l e l e s  of  a h o m o z y g o t e  

code  fo r  on ly  one  type  of an e n z y m e ,  in  h e t e r o z y g o t e  

g e n o t y p e s ,  2 d i f f e r e n t  e n z y m e s  a r e  p o s s i b l e  a l l o w -  

ing i m p r o v e d  a d a p t a t i o n  to d i f f e r e n t  e n v i r o n m e n t s .  

In s u c h  s i t u a t i o n s  the  h e t e r o z y g o t e  s t a t e  of a gene  

l o c u s  ma y  be a f a v o u r a b l e  f a c t o r .  

It i s  a s s u m e d  tha t  the  g e n e s  i nvo lved  in the  e x -  

p r e s s i o n  of  q u a n t i t a t i v e  c h a r a c t e r s  have  s i m i l a r  and  

c u m u l a t i v e  a c t i o n s .  Whi le  c u m u l a t i v e  a c t i o n  of  g e n e s  

ha s  o f t en  been  p r o v e d  ( M a t h e r  and J i n k s  1971;  S i r k s  

1956) ,  v e r y  l i t t l e  i s  known about  t he  way c u m u l a t i v e  

g e n e s  i n t e r a c t .  It i s  o f ten  a s s u m e d  tha t  the  a c t i o n  of 

a s i n g l e  gene  i s  i ndependen t  of the  n u m b e r  of g e n e s  

e f f e c t i v e  in an  i n d i v i d u a l .  T h e r e  a r e  a r g u m e n t s ,  how-  

e v e r ,  fo r  c o n s i d e r i n g  i n t e r a c t i o n s  ( e . g .  p h y s i o l o g i -  

ca l  l i m i t s  on the  gene  ac t i o n ,  r e g u l a t o r y  e f f e c t s ) .  The 

a d v a n t a g e  of  a f a v o u r a b l e  s u b s t i t u t i o n  at  one  l ocus  i s  

l e s s  t han  e x p e c t e d  if  o t h e r  loc i  a r e  a l r e a d y  f a v o u r a b l y  

s u b s t i t u t e d .  Thus,  the  d e g r e e  of e x p r e s s i o n  of a c h a r -  

a c t e r  may  fol low a s a t u r a t i o n  c u r v e ,  which  i s  g o v e r n e d  

by the  n u m b e r  of g e n e s  a c t i n g .  

I n v e s t i g a t i o n s  on the  gene  d o s a g e  e f fec t  in  po ly -  

p lo ids  have  shown,  in  the  c a s e  of one  l o c u s ,  t ha t  with 

i n c r e a s i n g  n u m b e r s  of func t iona l  a l l e l e s  a s a t u r a t i o n  

cou ld  be o b s e r v e d  (Seyf fe r t  1956, 1957, 1959) .  The 

r e s u l t s  of  i n v e s t i g a t i o n s  on the  d o s a g e  e f fec t  of  the  

B a r  d u p l i c a t i o n  s u p p o r t  t h i s  a s s u m p t i o n  ( A n d e r s  et  

a l .  19671 C h e v a i s  1943) .  F u r t h e r m o r e ,  in s t u d i e s  on  

d e p e n d e n c e  of  ce l l  s i z e  and  p lan t  he igh t  on the  n u m b e r  

of g e n o m e s  in po lyp lo ids ,  s a t u r a t i o n  e f f e c t s  w e r e  

shown. 

An example of a multilocus case has been re- 

ported recently by Forkmann and Seyffert (in press). 

In these investigations all possible homozygote and 

heterozygote combinations of three loci influencing 

the concentration of anthocyanins in flowers have 

been measured and plotted against the number of func- 

tional a l l e l e s .  The a n t h o c y a n i n  c o n c e n t r a t i o n  fo l lows 

a s a t u r a t i o n  c u r v e .  C o n s i d e r i n g  al l  t h e s e  f a c t s  it 

s e e m s  r e a s o n a b l e  to c o n c l u d e  tha t  s a t u r a t i o n  e f f ec t s  

a r e  w i d e s p r e a d  in n a t u r e  and  may  p lay  an  i m p o r t a n t  

r o l e  in  the  e x p r e s s i o n  of f i t n e s s .  
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A s  m e n t i o n e d  e a r l i e r ,  m e t a b o l i c  c o s t s  h a v e  to  b e  

taken into account. Measurements concerning such 

costs are not yet available. Since, in this case too, 

a quantitative trait is being considered, some satura- 

tion effects are to be expected. Under certain condi- 

tions the costs of a favourahle substitution at a locus 

may exceed the attainable advantage. A substitution 

in the region of saturation gives, for instance, no 

further advantage but increases the costs of meta- 

bolism. Thus, the fitness of an individual with a very 

high number of favourable genetic factors may be 

less than the fitness of an individual with an optimal 

number of favourable genes. Therefore the fitness of 

genotypes can not he defined by a single saturation 

curve: in addition a second function should be used. 

The functions are 

I. A turnover function which defines the expres- 

sion of the genetic factors (TF). 

2. A cost function which describes the costs of the 

m e t a b o l i s m  o r  t u r n o v e r ,  r e s p .  ( C F ) .  

In  t h i s  p a p e r ,  a m o d e l  wi l l  b e  p r e s e n t e d  c o n s i d e r i n g  

t h e  f i t n e s s  s y s t e m s  a s  d e s c r i b e d  a b o v e .  In p a r t i c u l a r  

t h e i r  i n f l u e n c e  on  t h e  s t r u c t u r e  o f  p o p u l a t i o n s  in  e q u i -  

l i b r i u m  ( g a m e t i c  f r e q u e n c i e s )  wi l l  b e  c o n s i d e r e d .  

The  s i m u l a t i o n  m e t h o d  

F i v e  l o c i ,  w i t h  two a l l e l e s  e a c h ,  a r e  c o n s i d e r e d .  The  

p o p u l a t i o n s  a r e  a s s u m e d  to b e  p a n m i c t i c  a n d  i n f i n i t e  

in size. The genetic composition of the populations 

can be described by the frequencies of the 32 pos- 

sible gametes. Random mating results in 528 distin- 

guishable types of zygotes if all repulsion and coupling 

phases are considered in the multiple heterozygote 

genotypes. On the basis of the 5~B zygote frequencies 

the values for all possible linkage disequilibria can he 

calculated. 

Each population was started with 32 gametes, the 

frequencies of which were chosen by using a computer 

program for random variables. Bandom combinations 

of gametes lead to the zygote frequencies. The selec- 

tion acts on the zygotes corresponding to a fitness func- 

tion which is defined in detail below. Recombination is 

taken into account in the formation of the gametes in 

the following generations. An equilibrium is assumed 

when the frequencies of each of the 32 gametes of one 

T h e o r .  A p p l .  G e n e t .  49 ( 1 9 7 7 )  

g e n e r a t i o n  do no t  d i f f e r  by  a v a l u e  o f  m o r e  t h a n  10 . 6  

from those in the previous generation. 

The  f i t n e s s  f u n c t i o n  

The  f i t n e s s  f u n c t i o n  is c o m p o s e d  of  a t u r n o v e r  f u n c -  

t i o n  a n d  a c o s t  f u n c t i o n .  B o t h  f u n c t i o n s  h a v e  a s i g -  

m o l d  s h a p e .  In t h e  a b s e n c e  of  f a v o u r a b l e  g e n e t i c  f a c -  

t o r s  ( c o m p l e t e  h o m o z y g o t e  g e n o t y p e s )  t h e  t u r n o v e r  

f u n c t i o n  s t a r t s  w i th  a m i n i m u m  v a l u e  u n e q u a l  to  z e r o .  

The  r e a s o n s  f o r  t h i s  a r e  g i v e n  by  a n  e x c e l l e n t  f o r m u -  

l a t i o n  by  W i l l s  a n d  M i l l e r  ( 1 9 7 6 ) :  " B e c a u s e  a l l  t h e  

a l l e l e s  a r e  f u n c t i o n a l ,  t h e  a b i l i t y  of  a n  o r g a n i s m  to 

s u r v i v e  a n d  l e a v e  o f f s p r i n g  u n d e r  u n c r o w d e d  a n d  u n -  

s t r e s s f u l  c o n d i t i o n s  wou ld  no t  b e  i m p a i r e d  e v e n  i t  

w e r e  c o m p l e t e l y  h o m o z y g o u s  f o r  t h e  a l l e l e s  o f  a l l  s e -  

l e c t e d  f u n c t i o n a l  p o l y m o r p h i s m s  in  a p o p u l a t i o n " .  In 

c o n t r a s t  t h e  c o s t  f u n c t i o n  s t a r t s  w i t h  z e r o .  E a c h  f a -  

v o u r a b l e  f a c t o r  a d d e d  to t h e  s y s t e m  c a u s e s  a n  i n -  

c r e a s e  in  t h e  t u r n o v e r  a n d  t h e  c o s t ,  r e s p e c t i v e l y .  

W h e n  a c e r t a i n  n u m b e r  of  f a v o u r a b l e  f a c t o r s  i s  

r e a c h e d  a s a t u r a t i o n  e f f e c t  o c c u r s .  

F u n c t i o n s  of  t h i s  k i n d  a r e  w e l l  k n o w n  in  e n z y m e  

k i n e t i c s  ( M a h l e r  a n d  C o r d e s  1 9 7 1 ) .  T h e r e f o r e  t h e y  

c a n  b e  d e f i n e d  by  f o r m u l a e  e l a b o r a t e d  f o r  t h i s  t y p e  

of  f u n c t i o n .  In e n z y m e  k i n e t i c s  t h e  p a r a m e t e r s  a r e  

r e l a t e d  to  s p e c i f i c  c h a r a c t e r i s t i c s  of  e n z y m a t i c  r e a c -  

t i o n s .  In o u r  c a s e  t h e y  a r e  u s e d  to  f o r m u l a t e  m a t h e -  

r u s t i c a l l y  t h e  c u r v e s  d e s i r e d .  

The  t u r n o v e r  f u n c t i o n :  TF = C 1 + N ( I *  N ) C 3  -1  

C 4 + (1 + N ) C 3  

The  c o s t  f u n c t i o n :  CF  = 
C 2 N ( I + N ) c 3  - 1  

C 5 +  ( I  + N ) C 3  

W h e r e ,  C 1 = M i n i m u m  v a l u e  o f  t h e  t u r n o v e r  f u n c t i o n  

C 2 = M a x i m u m  v a l u e  of  t h e  c o s t  f u n c t i o n  

C3 ,  C 4, C 5 = P a r a m e t e r  d e t e r m i n i n g  t h e  
r a n g e  o f  t h e  s l o p e  of  t h e  t u r n -  
o v e r  f u n c t i o n  a n d  t h e  c o s t  f u n c -  
t i o n ,  r e s p . .  

N = N u m b e r  o f  f a v o u r a b l e  g e n e t i c  f a c t o r s .  

The  d e s c r i p t i o n  of  t h e  f i t n e s s  of  d i f f e r e n t  d e s i r e d  

g e n o t y p e s  i s  o b t a i n e d  by  t h e  c o m b i n a t i o n  o f  b o t h  f u n c -  

t i o n s  i n to  a s i n g l e  b a l a n c e  f u n c t i o n .  
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T a b l e  1. F i t n e s s  v a l u e s  c a l c u l a t e d  f o r  t h e  f i t n e s s  s y s t e m s  1 - 1 0  by  m e a n s  o f  t h e  b a l a n c e  
f u n c t i o n s  a n d  f i t n e s s  v a l u e s  o f  t h e  t h r e s h o l d  m o d e l s  ( s y s t e m s  1 1 - 1 3 7 .  The  f i t n e s s  v a l u e s  
c a l c u l a t e d  f r o m  t h e  b a l a n c e  f u n c t i o n  w e r e  n o r m a l i z e d  to  t h e  m a x i m u m  v a l u e  o f  e a c h  f u n c -  
t i o n .  The  p o s i t i o n  o f  t h e  s t e e p e s t  s l o p e  of  t h e  f i t n e s s  f u n c t i o n  d e t e r m i n e d  b y  t h e  d e g r e e  
of  t h e  h e t e r o z y g o s i t y  i s  l i s t e d  in  t h e  l a s t  c o l u m n  

f i t n e s s  0 1 2 3 4 5 s t e e p e s t  
s y s t e m  s l o p e  

1 . 3 1 9  . 3 4 9  . 4 4 4  . 6 0 6  . 8 0 4  1 . 0 0 0  3 - 4 - 5  
2 . 3 7 4  . 3 7 7  . 4 2 2  . 6 1 3  . 8 9 8  1 . 0 0 0  3 - 4  

3 . 5 8 0  . 5 8 2  . 6 1 5  . 7 9 2  1 . 0 0 0  . 9 7 7  ( 2 ) - 3 - 4  
4 . 2 3 9  . 2 8 3  . 4 6 3  . 7 2 7  . 9 1 1  1 . 0 0 0  2 - 3 - ( 4 )  

5 . 4 4 2  . 4 8 0  . 6 9 3  . 9 3 2  1 . 0 0 0  . 9 8 5  2 - 3  
6 . 3 9 7  . 4 1 7  . 6 3 2  1 . 0 0 0  . 9 8 5  . 8 0 2  2 - 3  

7 . 5 1 0  . 5 8 7  . 8 0 9  . 9 3 6  . 9 8 2  1 . 0 0 0  1 - 2 - ( 3 )  
8 . 2 4 4  . 3 8 9  . 8 0 0  . 998  1 . 0 0 0  . 9 3 6  1 - 2 - ( 3 7  
9 . 2 4 8  . 3 9 6  . 8 1 0  1 . 0 0 0  . 991  . 9 2 7  1 - 2 - ( 3 7  

10 . 2 7 7  . 5 4 1  1 . 0 0 0  . 9 9 2  . 9 1 4  . 8 8 8  1 -2  

11 . 5 0 0  . 5 0 0  . 5 0 0  . 5 0 0  1 . 0 0 0  1 . 0 0 0  3 - 4  
12 . 5 0 0  . 5 0 0  . 5 0 0  1 . 0 0 0  1 . 0 0 0  1 . 0 0 0  2 - 3  
13 . 5 0 0  . 5 0 0  1 . 0 0 0  1 . 0 0 0  1 . 0 0 0  1 . 0 0 0  1 -2  

T a b l e  2.  P a r a m e t e r  o f  t h e  f i t n e s s  f u n c t i o n  

f i t n e s s  
s y s t e m  Cl  c 2  c3  c 4  c 5  

1 . 2  .1  3 200 3 000  
2 . 2  .8  6 1 4 0 0 0  5 5 0 0 0  
3 . 2  .9  7 5 5 0 0 0  9 5 0 0 0  
4 . 2 . 5 4 200 5 000 
5 . 4  . 5  5 400 3 000 
6 . 2  . 9  6 2 500 13 000 
7 .8  .1  5 100 4 000  
8 . 2  . 1  5 100 5 000 
9 . 2  . 5  5 100 4 000 

10 . 2 . 5 6 100 3 000 

N ( 1  + N ) C 3  -1  

The  b a l a n c e  f u n c t i o n :  B F  = C 1 + 
C 4 + (1 + N ) C 3  

C 2 N ( 1  + N ) C 3  -1 

C 5 + (1 + N ) C 3  

The  m a x i m u m  of  t h e  b a l a n c e  f u n c t i o n  d e s c r i b e s  t h e  

s i t u a t i o n  w h e r e  t h e  m o s t  p r o f i t  f r o m  t u r n o v e r  a n d  

c o s t  i s  a c h i e v e d .  T h i s  c o r r e s p o n d s  to  t h e  o p t i m u m  

n u m b e r  o f  f a v o u r a b l e  g e n e t i c  f a c t o r s .  

In  t h e  p r e s e n t  i n v e s t i g a t i o n  a f a v o u r a b l e  f a c t o r  i s  

d e f i n e d  a s  t h e  h e t e r o z y g o t e  s t a t e  a t  a l o c u s .  B o t h  h o -  

m o z y g o t e  g e n o t y p e s  of  a l o c u s  h a v e  t h e  s a m e  d i s a d -  

v a n t a g e .  The  f i t n e s s  o f  a c o m p l e t e  g e n o t y p e  i s  d e -  

f i n e d  by  t h e  n u m b e r  o f  h e t e r o t i c  l o c i  a c c o r d i n g  to t h e  

b a l a n c e  f u n c t i o n .  The  i n c r e m e n t s  of  t h e  c o r r e s p o n d i n g  

g e n o t y p e s  h a v e  t h e  s a m e  v a l u e  f o r  a l l  l o c i .  The  m o d e l  

i s  t h e r e f o r e  a s p e c i a l  c a s e  of  t h e  s y m m e t r i c  v i a b i l i t y  

m o d e l .  

The  f i t n e s s  s y s t e m s  wi l l  b e  c l a s s i f i e d  e i t h e r  b y  

t h e  p o s i t i o n  o f  t h e  s t e e p e s t  s l o p e  o r  by  t h e  p o s i t i o n  of  

t h e  m a x i m u m  of t h e  c u r v e ,  b o t h  d e s c r i b e d  in  t e r m s  

o f  t h e  n u m b e r  of  h e t e r o z y g o u s  l o c i  ( T a b l e  17.  The  p a -  

r a m e t e r s  of  t h e  f u n c t i o n s  h a v e  b e e n  c h o s e n  in  s u c h  a 

way  t h a t  t h e  i n f l u e n c e  of  t h e  f i t n e s s  s y s t e m s  d i f f e r i n g  

in  t h i s  r e s p e c t  o n  t he  g e n o t y p i c  c o m p o s i t i o n  o f  t h e  p o p -  

u l a t i o n s  u n d e r  e q u i l i b r i u m  c o n d i t i o n s  c o u l d  b e  i n v e s t i -  

g a t e d  ( T a b l e  2 ) .  E a c h  o f  t he  F i g s .  ( 1 - 1 0 7  s h o w s  t h e  

t u r n o v e r  f u n c t i o n ,  t h e  c o s t  f u n c t i o n  a n d  t h e  b a l a n c e  

f u n c t i o n  of  t h e  f i t n e s s  s y s t e m  l i s t e d  in  T a b l e  2.  The  

r e s u l t s  wi l l  b e  d i s c u s s e d  in  c o m p a r i s o n  w i t h  t h o s e  of  

t h r e e  t h r e s h o l d  m o d e l s .  

R e s u l t s  

The  f i t n e s s  s y s t e m  u s e d  r e p r e s e n t s  a s p e c i a l  c a s e  of  

t h e  g e n e r a l  s y m m e t r i c  v i a b i l i t y  m o d e l .  T h u s  a c o m -  

p a r i s o n  o f  o u r  r e s u l t s  w i t h  t h o s e  o f  K a r l i n  a n d  F e l d -  

m a n  (19707  a n d  F e l d m a n  e t  a l .  ( 1 9 7 4 ) ,  who f o u n d  

m o s t l y  s y m m e t r i c  e q u i l i b r i a ,  i s  p o s s i b l e .  C o m p l e -  

m e n t a r y  g a m e t e s  a r e  in  e q u a l  f r e q u e n c i e s  in  a s y m -  
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F i g s .  1-10.  The r e l a t i onsh ip  between the va lues  of the t u r n o v e r  funct ion (TF) ,  the cost  funct ion ( C F ) ,  ba lance  
funct ion (BF)  and the degree  of he te rozygos i ty  ( P a r a m e t e r s  of the funct ions  a r e  d e s c r i b e d  in Table 2) 

m e t r i c  e q u i l i b r i u m  (Kar l in  and F e l d m a n  1970).  Thus 

g(AB)  = g (ab)  and g(Ab) = g (aB)  in a two locus  

c a s e .  A specia l  case  of the s y m m e t r i c  e q u i l i b r i u m  

is  the cen t r a l  so lu t ion ,  in which all  poss ib le  gametes  

exis t  in equal f r equenc i e s .  In the two locus  case  K a r -  

l in  and F e l d m a n  (1970) proved the ex i s t ence  of both 

s y m m e t r i c  and a s y m m e t r i c  equ i l i b r i a .  In the l a t t e r  

c a se  all  gene f r equenc i e s  differ  f rom 0 . 5 .  Moreove r  

F e l d m a n  et a l .  (1974) showed a s y m m e t r i c  e q u i l i b r i a  

with Pi = 0 .5  for the th ree  locus  ca se .  

Our  inves t iga t ions  r e s u l t  in  the cen t r a l  so lu t ion  

of all  f i t ness  s y s t e m s  cons ide r ing  a r e combin a t i on  

r a t e  of 0 . 5  (Table 3) .  In the case  of tight l inkage 

( r  = 0 .001 ) ,  however ,  both s y m m e t r i c  and a s y m m e -  

t r i c  equ i l i b r i a  a re  pos s ib l e .  In the l a t t e r  case  Pi ~: 0 . 5  

and Pi = 0 .5  both o c c u r .  The r e s u l t s  of s y s t e m s  with 

tight l inkage will be d i s cus sed  in detai l  below. G a m -  

e tes  with f r equenc ies  gi > 1 / 3 2  a re  t e r m e d  frequent  

game tes  ( F G ) .  

1. S y m m e t r i c  equ i l i b r i a ,  Pi = O. 5 

S y m m e t r i c  equ i l i b r i a  with Pi = O. 5 a r e  found for  the 

f i tness  s y s t e m s  1 and 2 only (Table 3) .  They a r e  

c h a r a c t e r i z e d  by two c o m p l e m e n t a r y  g a m e t e s  (FG) 
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Tab l e  3. C o m p u t e r  r e s u l t s  of  the  f i t n e s s  s y s t e m s  1 -13 .  W = m e a n  f i t n e s s  ( f r e e  r e c o m b i n a t i o n ) ,  W ~ x ,  
W.in = m e a n  f i t n e s s  v a l u e s  ( r  = 0 . 0 0 1 ) ,  n = n u m b e r  o f  f r e q u e n t  g a m e t e s  ( F G ) ,  Emz, Z,ln = m a x i m u m  and 
m i n i m u m  s u m  of  the  f r e q u e n t  g a m e t e s ,  L .~x ,  Llin = m a x i m u m  and m i n i m u m  p e r c e n t a g e  of  r e d u c e d  l o a d  
* r  = 0 . 0 1  

r = 0 . 0 0 1  
Pi = 0 . 5  Pi ~ 0 . 5  

m m 

f i t n e s s  r = O. 5 n ~ m a x  W m a  x L m a  x n ~ m a x  W m a x  L m a x  

s y s t e m  W > 1 / 3 2  Zmi  n W m i n  L m i n  ~ m i n  W m i n  L m i n  

1 .5495  2 .9802  .6555  2 3 . 5 2  - - 

2 .5656 2 .9738 .6830  27 .03  - 

3a . 7355  4 .9690 .7874 19 .62  6 .9664 

b 4 .9696 .7946 22 .34  
.9714  .7949  22 .46  

4 .5953 4 .9620 .6440  12 .03  5 /6  .9471 
.9756 .6447  12 .21  .9583 

5 .7837 4 .9212  .8216 17 .52  - 
.9620 .8221 17 .75  

6 .7665  4 .9588 .8405  3 1 . 6 9  - - 
.9836  .8415  32 .12  

7 .8377 8 .8944  .8520  8 . 8 1  8 .8424  
.9280  .8530 9 . 4 3  

8 .8158 8 .9480 .8496 18 .35  8 .9210 
.9684 .8506  18 .89  

9 .8191 8 .9464  .8525  18 .46  8 .8920  
.9648 .8534  18 .96  .8968  

10 .8862  16 .9760 .9241 3 3 . 3 0  - - 

.7931 20 .76  

.6314  8 . 9 2  

.6317 8 . 9 9  

.8485  6 . 6 5  

.8418  14 .12  

.8443 13 .93  

.8444  13 .98  

I I  ~ .5938  2+ 4 .9280 .7202  31 .11  

12 ~ .7500  4 .7596 .8221 2 8 . 8 4  
.8548 .8332  3 3 . 2 8  

13~ .9063  16 .8048  .9293  2 4 . 5 5  

h a v i n g  v e r y  h igh  f r e q u e n c i e s ,  wh ich  a c c o u n t  f o r  98 

of  a l l  g a m e t e s  in the  p o p u l a t i o n .  U n d e r  the  c o n d i t i o n  

of  a f i v e  l o c u s  m o d e l  t h e r e  a r e  16 d i f f e r e n t  p o s s i b i l i -  

t i e s  f o r  s u c h  c o m p l e m e n t a r y  F G s .  Al l  e q u i l i b r i a  a r e  

e q u i v a l e n t  and the  p o p u l a t i o n s  h a v e  t h e  s a m e  m e a n  

f i t n e s s .  Al l  g e n e  p a i r s  a r e  in p a i r w i s e  l i n k a g e  d i s -  

e q u i l i b r i a  ( D i j ) .  T h e s e  r e s u l t s  c o r r e s p o n d  to t h o s e  

f r o m  t h e  m u l t i p l i c a t i v e  m o d e l  (Lewon t in  1964) .  

2. A s y m m e t r i c  e q u i l i b r i a ,  Pi = 0 . 5  

A s y m m e t r i c  e q u i l i b r i a  wi th  a g e n e  f r e q u e n c y  of  Pi = 

0 . 5  a r e  found in t he  f i t n e s s  s y s t e m s  3 to 10 (Tab le  3 ) .  

They c a n  be  c l a s s i f i e d  by the  n u m b e r  of  F G s  (2 ,  4, 

8 and  16 ) .  In a l l  t h e s e  c a s e s  t he  F G s  o c c u r  in  ~ 

e q u a l  p r o p o r t i o n s .  

2 . 1 .  E q u i l i b r i a  wi th  4 f r e q u e n t  g a m e t e s  ( F G )  

T h e s e  e q u i l i b r i a  o c c u r  in t he  f i t n e s s  s y s t e m s  3, 4, 

5 and 6.  The f o u r  g a m e t e s  c o m p r i s e  92 -98  ~ o f  a l l  

g a m e t e s ,  d e p e n d i n g  on the  f i t n e s s  s y s t e m .  

In t he  s i m u l a t i o n s  c a r r i e d  ou t ,  two p a i r w i s e  l i n k -  

a g e  d i s e q u i l i b r i a  (D i j )  f o r  e a c h  s y s t e m  h a v e  b e e n  

found ,  It  c o u l d  be  shown  tha t  wi thou t  e x c e p t i o n  f o u r  

of  t he  f ive  l o c i  a r e  i n v o l v e d  in the  f o r m a t i o n  o f  the  

p a i r w i s e  D . . .  T h e r e  a r e  15 d i f f e r e n t  c o m b i n a t i o n s  1j 
b e t w e e n  two p a i r w i s e  D. .  s a t i s f y i n g  t h e s e  c o n d i t i o n s .  

D 
F u r t h e r m o r e ,  both  the  r e p u l s i o n  and  c o u p l i n g  p h a s e s  

h a v e  to be  c o n s i d e r e d  f o r  e a c h  Di i  ; t h e s e  a r e  d e -  

s i g n a t e d  a s  ( - )  and (+)  r e s p e c t i v e l y .  As  the  two l o c i  

i n v o l v e d  a r e  i n d e p e n d e n t  wi th  r e g a r d  to p h a s e ,  t h e r e  

a r e  f o u r  p o s s i b i l i t i e s  f o r  e a c h  D. .  (++, + - ,  -+ ,  - - ) .  l j  
Thus 15 • 4 = 60 c o m b i n a t i o n s  a r e  p o s s i b l e .  F o r e a c h  

of  t h e s e  c o m b i n a t i o n s  two w a y s  e x i s t  to l i nk  t h e m  wi th  
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the fif th l ocus .  Consequen t ly  a total  of 120 e q u i l i b r i a  

should be e x p e c t e d .  

These  c o m b i n a t o r i a l  s t a t e m e n t s  have  been con-  

f i r m e d  in 54 c o m p u t e r  r u n s .  In t he se  runs  14 out of 

15 p o s s i b l e  combina t ions  be tween  two p a i r w i s e  D .  1j 
have been v e r i f i e d .  F u r t h e r m o r e ,  al l  four  c o m b i n a -  

t ions  in r e s p e c t  to r epu l s ion  and coupling phase  have 

been found. In one c a s e  of p a i r w i s e  l inkage  d i s e q u i -  

l i b r i a  (DAB = 0.246 and DDE = -0 .246 ,  6 th f i tness  

s y s t e m )  both p o s s i b i l i t i e s  have been o b s e r v e d  to con-  

nect  the fifth l o c u s .  The a l t e r n a t i v e  combina t ions  a r e  

AB C De,  A B c  dE,  ab C dE,  ab c De and 

AB C dE, AB c De, ab C DE, ab c dE. 

In 54 runs 6 of the theoretical equilibria have been 

verified twice. 

The frequencies of the four FGs are influenced by 

the recombination rate (rij) between the loci involved 

in the formation of the corresponding pairwise D... 
1j 

Small recombination rates allow higher values of the 

D.. leading to higher mean fitness values. In Table 3 
i] 

the maximum and the minimum values of the FGs and 

the mean fitness are listed. Both have been calculated 

in the computer runs for the various fitness systems. 

These facts are demonstrable by an example of the 

fourth fitness system : 

Loci r . .  FG W D. 
I l 1] 

AB,  DE 0.001 0 .2439 0 .6447 0.2460 

AD, BE 0.003 0 .2405 0.6440 0 .2384 

The f i t nes s  s y s t e m  3 is  a spec ia l  c a s e .  The type 

of e q u i l i b r i u m  d e s c r i b e d  above has been v e r i f i e d  only 

once in 7 runs  (3a in Table 3 ) .  In two f u r t h e r  runs  

addi t ional  a s y m m e t r i c  e q u i l i b r i a  with Pi = 0 . 5  and 

with four  F G s  but with t h r e e  p a i r w i s e  D.. have a lso  
E 

been  found (3b in Table 3 ) .  In t he se  Dij , only t h r e e  

loc i  a r e  invo lved ,  only two of which a r e  independent .  

F o u r  combina t ions  (++, +-,  -+,  - - )  be tween both in -  

dependent  D .  a r e  p o s s i b l e .  F u r t h e r m o r e ,  I0 d i f f e r -  1j 
ent combina t ions  r e s u l t e d  f r o m  the f ive  loc i  i n v e s t i -  

ga ted .  Thus I0 • 4 = 40 d i f fe ren t  e q u i l i b r i a  of  th is  

type will  be ob ta ined .  Analogous  to the r e s u l t s  which 

have been d e s c r i b e d  above ,  the r e c o m b i n a t i o n  r a t e s  

be tween  the t h r e e  loc i  involved  in the D.. d e t e r m i n e  ij 
the  va lue  of the mean  f i t n e s s .  Thus,  a h ighe r  value  

than in c a s e  3a is  a lways  found (Table 3 ) .  In to ta l ,  

120 + 40 = 160 d i f fe ren t  a s y m m e t r i c  e q u i l i b r i a  with 

Pi = 0 . 5  a r e  to be expec ted  fo r  the th i rd  f i tness  s y s -  

t e m .  

2 .2 .  E q u i l i b r i a  with 8 f requent  g a m e t e s  (FG)  

E q u i l i b r i a  of this  type have been found in the f i tness  

s y s t e m s  7, 8 and 9. No p a i r w i s e  l inkage d i s e q u i l i b r i a  

have o c c u r r e d .  F o r m u l a e  for  the ca l cu la t ion  of  d i s -  

e q u i l i b r i a  of th i rd  o r d e r  w e r e  g iven by Bennet t  (1954) .  

D123 = G 1 - P l D 2 3  -P2D13 -P3D12 - p l P 2 P 3 .  As in this  
case 

D12 =D13 =D23 =0 

D123=G 1 - p l p 2 p 3  fo l lows .  

Two l inkage d i s e q u i l i b r i a  of the th i rd  o r d e r  (Dij k) 

could be shown to ex i s t  in each  of  the f i tness  s y s t e m s  

7, 8 and 9. Analogous to the r e s u l t s  d e s c r i b e d  above 

10 d i f fe ren t  Dii k a r e  pos s ib l e  if  5 loci  a r e  c o n s i d -  

e r e d ,  one of which is  involved  twice  ( e . g .  DAB C and 

DCD E unequal 0 ) .  In this  s y s t e m  t h e r e  a r e  a l so  15 

p o s s i b i l i t i e s  fo r  combina t ions  of the Dii k p a i r s .  Con-  

s i d e r i n g  the r epu l s ion  phase ,  and the fact  that in th is  

c a s e  no independent  locus  ex i s t s ,  only 60 equ i l i b r i a  

a r e  p o s s i b l e .  

Under  t he se  condi t ions  d i f fe ren t  r e com bin a t i on  

r a t e s  can be a s s u m e d  between the loci  in ques t ion .  

Again,  sma l l  r e com bina t i on  r a t e s  lead  to h igher  v a l -  

ues  of the Dij k and t h e r e f o r e  to h igher  mean f i tness  

v a l u e s .  

A m a x i m u m  of Dij k will be r e ached  if  the r e c o m -  

binat ion p robab i l i t i e s  be tween the loci  in ques t ion  a r e  

s m a l l .  Thus the loci  must  be adjacent  in ou r  mode l .  

This condi t ion is  s a t i s f i ed  only by the combina t ions  

DAB C and DCDE,  having only one locus  involved  

twice  in the Dis k.  
J 

Such a c a s e  has  been found in the f i tness  s y s t e m  7 

(Table 3 ) .  In e q u i l i b r i u m  the fol lowing FGs  a r e  p r e -  

sent  : 

ABCDE, ABCde, AbcDe, AbcdE, aBcDe, aBcdE, 

abCDE and abCde. The frequencies are gi = 0. 1160 

and the mean fitness has the value 0.8530. As ex- 

pected these are the highest values for the gi and W 

obtained in the runs (Table 3). Again, under the con- 

ditions of this system, four of the possible equilibria 

have been verified twice in 32 runs. 
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2 .3 .  E q u i l i b r i a  with 16 f requen t  g a m e t e s  (FG)  

In f i tness  s y s t e m  10, no p a i r w i s e  l inkage d i s e q u i l i b r i a  

e x i s t .  Howeve r ,  h ighe r  o r d e r  d i s e q u i l i b r i a  have to be 

a s s u m e d .  In th is  c a s e  16 g a m e t e s  have equal  f r e q u e n -  

c i e s  a l lowing two d i f fe ren t  e q u i l i b r i a  only .  In 10 c o m -  

pu te r  runs  these  e q u i l i b r i a  have been v e r i f i e d  f ive  

t i m e s  each .  The mos t  f requen t  g a m e t e s  a r e  those  that  

have e i t h e r  one,  t h r e e ,  f ive  o r  z e r o ,  two, four  a l l e -  

l e s  m a r k e d  by capi ta l  l e t t e r s  ( e . g .  : Abcde,  AbcDE,  

ABCDE o r  abcde,  abcDE,  ABCDe e t c . )  

3. A s y m m e t r i c  e q u i l i b r i a ,  p ?~ 0 . 5  

In 38 runs  5 a s y m m e t r i c  e q u i l i b r i a  of th is  kind have 

been found in the s y s t e m s  7, 8 and 9 in addi t ion to 

the e q u i l i b r i a  d e s c r i b e d  above .  In these  c a s e s  t h r e e  

gene f r e q u e n c i e s  devia te  f r o m  0 . 5 .  In the c o m p u t e r  

runs  only four  of the 10 pos s ib l e  p a i r w i s e  D.. have 1j 
been obta ined.  These  a r e  the D.. be tween the two loci  1] 
having a f r equency  of 0 . 5  and those  be tween loci  hav -  

ing a l l e l e s  in unequal f r e q u e n c i e s .  F o r  e x a m p l e :  

P A / 0 . 5 ,  p B / 0 . 5 ,  P c / 0 . 5  and PD = PE = 0 . 5 ,  

DAB, DAC, DBC and D D E /  0. 
There  a r e  10 p o s s i b i l i t i e s  of combin ing  the t h r ee  

loci  where  the gene f r e q u e n c i e s  dev ia te  f r o m  0 . 5 .  

M o r e o v e r ,  t hese  dev ia t ions  may be pos i t i ve  o r  n e g a -  

t i ve .  As all  loc i  a r e  independent  in th is  r e s p e c t  t he r e  

a r e  a total  of 23 = 8 poss ib le  comb ina t i ons .  Thus 

8 • 10 = 80 equ i l i b r i a  have to be expec t ed .  In equ i -  

l i b r i u m  these  s y s t e m s  have 8 f requen t  g a m e t e s  ( F G ) ,  

which can be c l a s s i f i e d  into four  g roups  with two ga -  

m e t e s  each  of equal  f r e q u e n c i e s .  The va lue  of the four  

D.. depends on the r e c o m b i n a t i o n  r a t e s .  These  r a t e s  1j 
d i f fe r  acco rd ing  to the loci  invo lved .  Thus d i f fe ren t  

va lues  of the sum of the eight  FGs  and the mean  f i t -  

nes s  a l so  have to be expec ted ,  and this  was indeed 

shown to be the c a s e  in the f i tness  s y s t e m  9. It is  

r e a s o n a b l e  to a s s u m e  that such a r e l a t i on  a lso  holds 

fo r  s y s t e m s  7 and 8. 

In seven  runs ,  four  a s y m m e t r i c  e q u i l i b r i a  have 

been found in s y s t e m  3. In each  c a s e  the gene f r e -  

quenc ies  devia te  f r o m  0 . 5  at each  l ocus .  In c o n t r a s t  

to s y s t e m s  7, 8 and 9 all  p a i r w i s e  Dij ex i s t ,  each  

showing in e v e r y  e q u i l i b r i u m  the s a m e  absolu te  va lue .  

There  is one most  f requen t  g a m e t e  (gi ~ 0 .47 )  and 5 

l e s s  f requent  g a m e t e s  (gi ~ O. 10) .  F ina l l y ,  as  t h e r e  

a r e  32 types  of g a m e t e s ,  32 d i f fe ren t  equ i l i b r i a  have 

to be expec ted .  

In s y s t e m  4, four  of 20 popula t ions  a r e i n a s y m -  

m e t r i c  e q u i l i b r i u m ,  in which the f r e q u e n c i e s  of all  

loci  dev ia te  f r o m  0 . 5 .  In these  c a s e s ,  too,  al l  p a i r -  

wise  l inkage d i s e q u i l i b r i a  e x i s t .  The only s i m i l a r i t y  

is  in the mean  f i tness  v a l u e s .  There  a r e  no s i m i l a r i -  

t i e s  fo r  the f r e q u e n c i e s  of  g a m e t e s  and the l inkage 

d i s e q u i l i b r i a .  F o r  e x a m p l e :  In one populat ion,  f ive 

F G s  have been r e a l i z e d ,  but in two o the r  populat ions  

s ix  FGs  o c c u r .  It i s  r e m a r k a b l e  that  all  g a m e t e  f r e -  

quenc ie s  a r e  d i f f e r en t .  This fact  shows c l e a r l y  that 

the compos i t i on  of the populat ions  may be d i f fe ren t  

even  in a def ined f i tness  s y s t e m .  In al l  populat ions  

the mean  f i t nes s  has  r a t h e r  high,  but d i f f e ren t ,  v a l u e s .  

In f i tness  s y s t e m s  7, 8 and 9, the e x i s t e n c e  of 

a s y m m e t r i c  e q u i l i b r i a  with Pi = 0 . 5  as  well  as  

Pi j 0 . 5  has been shown, and at l ea s t  140 e q u i l i b r i -  

um s i tua t ions  a r e  pos s ib l e  (60 with Pi = 0 .5  and 80 

with Pi ~ 0 . 5 ) .  The popula t ions  with e q u i l i b r i a  of 

Pi = 0 .5  a lways  have h igher  mean  f i tness  va lues  than 

popula t ions  with e q u i l i b r i a  of Pi ~ 0 . 5 .  Thus the do-  

mains  of a t t r ac t i on  a r e  p r e s u m i n g l y  l a r g e r  fo r  these  

e q u i l i b r i a  and consequen t ly ,  in r andom ini t ia l  s i t ua -  

t ions ,  a populat ion is  m o r e  l ike ly  to get  into such a 

domain .  It is  not s u r p r i s i n g ,  t h e r e f o r e ,  that a s y m -  

m e t r i c  equ i l i b r i a  with Pi ~ 0 .5  have been v e r i f i e d  

l e s s  often in the c o m p u t e r  r uns .  

4. C o m p a r i s o n  of the f i tness  s y s t e m s  

The f i tness  funct ions may be c l a s s i f i e d  in the fo l low-  

ing way:  

a) Acco rd ing  to the pos i t ion  of the s t e e p e s t  s lope  

of the f i tness  function (Table 1, F i g s .  1 -10) .  

b) Accord ing  to the d e g r e e  of h e t e r o z y g o s i t y  at 

which the function has  i ts  m a x i m u m .  

The r e s u l t s  l i s t ed  in Table 3 show s i m i l a r i t i e s  

only if  the f i r s t  c r i t e r i o n  is  u sed .  The f i tness  s y s -  

terns 1 and 2, 5 and 6 and a lso  7 to 9 can t h e r e -  

fo re  be grouped t o g e t h e r .  Sys t em s  3 and 4 can be 

r e g a r d e d  as t r a n s i e n t  s y s t e m s  of the ne ighbour ing  

groups  (Table 1).  

A c o m p a r i s o n  with the r e s u l t s  of the t h r e s h o l d  

model  s y s t e m s  shows that  s y s t e m  11 has  s y m m e t r i c  
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e q u i l i b r i a  in a c c o r d a n c e  with s y s t e m s  1 and 2 ( s t e e p -  

es t  s lope  o c c u r s  be tween 3 and 4 h e t e r o z y g o t e  l o c i ) .  

In c o n t r a s t  to s y s t e m s  1 and 2, h o w e v e r ,  t he r e  a r e  

two m o r e  p a i r s  of F G s  (Table 1) in addi t ion to the 

two most  f requen t  g a m e t e s  (gi = 0 . 3 4 ) .  

S i m i l a r l y  the s y s t e m  12 ( s lope  be tween 2 and 3 

h e t e r o z y g o t e  loc i )  r e s u l t s  in ana logous  s i tua t ions  to 

s y s t e m s  5 and 6. The r e s u l t s  of  s y s t e m  13 ( s lope  

be tween  1 and 2 h e t e r o z y g o t e  loc i )  a r e  in c o m p l e t e  

a g r e e m e n t  with those  of the s y s t e m  10. 

The f i tness  s y s t e m s  7, 8 and 9 ( s lope  be tween 1 

and 2 h e t e r o z y g o t e  loc i )  have e q u i l i b r i a  be tween  

those  of  the s y s t e m s  12 and 13. P r e s u m a b l y  this  can 

be t r a c e d  back to the fact  that the s teep  s lope  exceeds  

the h e t e r o z y g o t e  d e g r e e  two (Table 1) .  

G e n e r a l l y  it can be concluded that the n u m b e r  of 

F G s  is  g r e a t e r  the s m a l l e r  the d e g r e e  of h e t e r o z y -  

gos i ty  at the point of the s t e e p e s t  s lope  of the funct ion.  

Our  f i tness  s y s t e m s  a l low a s y m m e t r i c  e q u i l i b r i a  with 

Pi = 0 . 5 .  In th is  c a s e  the quant i ty  of g a m e t e  types  with 

equal  f r e q u e n c i e s  fo l lows the s e r i e s  2 2, 2 3, 2 4. The 

ex t r apo l a t i on  to m o r e  than f ive  loci  should a l low ad-  

di t ional  c a t e g o r i e s  of a s y m m e t r i c  e q u i l i b r i a  with Pi = 

0 . 5  (up to 2 n - l ) .  The f i t nes s  s y s t e m s  show in par t  

addi t ional  a s y m m e t r i c  e q u i l i b r i a  with Pi ~ 0 . 5 .  In s i t -  

uat ions  whe re  m o r e  than f ive loci  a r e  c o n s i d e r e d ,  new 

c l a s s e s  of equ i l i b r i a  would be expec t ed .  

Popu la t ions  gove rned  by the f i tness  s y s t e m s  i n v e s -  

t iga ted  have ,  in the c a s e  of t ight l inkage ,  a r e m a r k a b l e  

i n c r e a s e  in the mean  f i t nes s ,  which r e s u l t s  in a de -  

c r e a s e d  load .  This e f fec t  is  due to the dev ia t ion  of the 

e q u i l i b r i a  f r o m  the cen t r a l  so lu t ion  under  t he se  condi -  

t i ons .  An excep t iona l  d e c r e a s e  in the load has to be ex -  

pec ted  in c a s e s  in which the genotypes  f o r m e d  by the 

f r equen t  g a m e t e s  have the d e g r e e  of h e t e r o z y g o s i t y  

( i ) ,  which c o r r e s p o n d s  to the max ima l  va lue  of  the 

f i t ne s s  s y s t e m  (w i = I ) .  As a s y m m e t r i c  e q u i l i b r i a  

exist in these cases, these genotypes are rare. Ac- 

cordingly, the decrease in the load is small (9 ~ and 

12 7~ resp., Table 3). In the other systems, among the 

most frequent genotypes are those with the highest 
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f i tness  va lue .  Thus the load is d e c r e a s e d  d r a s t i c a l l y  

(as  much as  3 3 g ) .  
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